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Abstract
We consider the neutrino self-energy in a background composed of a scalar particle and a fermion
using a simple model for the coupling of the form λf¯RνLφ. The results are useful in the context of Dark
Matter-neutrino interaction models in which the scalar and/or fermion constitute the dark-matter. The
corresponding formulas for models in which the scalar particle couples to two neutrinos via a coupling
of the form λ(ννφ)ν¯cRνLφ are then obtained as a special case. In the presence of these interactions there
can be new contributions to the neutrino effective potential and index of refraction in the context of
neutrino collective oscillations in a supernova and in the Early Universe hot plasma before neutrino
decoupling. The formulas obtained here can be used to estimate those effects and/or put limits on
the model parameters based on the contribution that such interactions can have in those contexts. A
particular feature of the results is that the contribution to the neutrino self-energy or effective potential in
a neutrino background due to the ννφ coupling is proportional to the antineutrino-neutrino asymmetry
(nν¯ − nν), in contrast to the standard Z contribution which is proportional to (nν − nν¯). Therefore the
two contributions tend to cancel. If the cancellation is significant, it is conceivable that the O(1/m4φ)
terms give the dominant contribution. Alternatively, a limit can be set by requiring that the contribution
of the ννφ interaction to the neutrino effective potential does not cancel the standard contribution in an
appreciable way.
1 Introduction
The possible existence of complex scalars that interact with neutrinos via a coupling of the form
Lint =
1
2
λ(ννφ)ν¯cRνLφ+H.c , (1)
has been explored recently[1, 2, 3, 4, 5, 6, 7]. Such scalars may be produced in terrestrial neutrino ex-
periments, and constraints on their properties and interactions have been obtained from particle physics,
astrophysics, and cosmology considerations in the works cited.
Here we note that such couplings would produce additional contributions beyond the standard ones to the
neutrino index of refraction and effective potential when the neutrino propagates in a neutrino background.
This occurs in the environment of a supernova, where it is now well known that the effect leads to the
collective neutrino oscillations and related phenomena[8], and it can occur also in the hot plasma of the
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Early Universe before the neutrinos decouple[9]. Therefore, further constraints on the ννφ couplings and/or
the φ properties can be obtained by considering their effects in those contexts.
In a different line of development, models in which neutrinos interact with a scalar and a fermion via a
coupling of the form
Lint = λf¯RνLφ+H.c. , (2)
have been considered recently in the context of Dark Matter-neutrino interactions[10, 11]. Again, such
interactions produce additional contributions to the neutrino effective potential when the neutrino propagates
in a background of φ and f particles.
In this paper we determine the effective potential of a neutrino or antineutrino that propagates in such
backgrounds. To be specific, we calculate the neutrino self-energy in a background of scalars φ and fermions
f due to the interaction given in Eq. (2). From the self-energy, the neutrino and antineutrino effective
potential is then obtained. The corresponding formulas for the case of the neutrino and scalar background,
with the couplings given in Eq. (1), are obtained as the special case in which fR → νcR. Our motivation
is to provide a uniform treatment and present the results in sufficiently general way such that they can be
applied to the situations described and also adapted to others not considered here. For example, models in
which sterile neutrinos have secret gauge interactions of the form ν¯sγ
µνsA
′
µ have been considered by several
authors[12]. The formulas we obtain for the neutrino self-energy and effective potential, including the case
of an anisotropic background that we consider, can be applied in the context of such models when a sterile
neutrino propagates in a background of sterile neutrinos and A′ bosons, with minor modifications.
In principle the scalar-neutrino couplings can be of the form λ
(ννφ)
ij ν¯
c
RiνLj, involving various neutrino
species. In writing Eq. (1) we are taking into account only the diagonal neutrino coupling and assuming
the presence of only one scalar field. In the general case with more neutrino species in the background and
non-diagonal neutrino-φ couplings, the density matrix formalism[8, 9] will come into play, which is outside
the scope of the present work. It is worth mentioning that, despite the simplification we are making by
considering only one neutrino type, the results reveal some interesting and potentially important features
that can serve as a guide for considering the more general and realistic cases. A particular noteworthy feature
is that the contribution to the neutrino self-energy or effective potential in the neutrino background due to
this coupling is proportional to antineutrino-neutrino asymmetry (nν¯ − nν), in contrast to the standard Z
contribution which is proportional to (nν − nν¯). Therefore the two contributions tend to cancel. If the
cancellation is significant, it is conceivable that the O(1/m4φ) terms give the dominant contribution. As an
example application, we use these results to indicate the constraint on λ(ννφ)/mφ that can be placed based
on the contribution that such interactions can have in the context of neutrino collective oscillations in a
supernova.
In Section 2, we review in a generic way the conventions that we use to determine the neutrino effective
potential in a medium from the calculation of the self-energy. The calculation of the self-energy of the
neutrino propagating in the background of fermions and scalars is undertaken in Section 3. We consider
various cases separately, depending on whether the background is isotropic or not, and various limits of the
momentum distribution functions of the background particles. In Section 4, we use these results to calculate
the effective potential under different physical conditions for a νφ background. We briefly summarize our
results in Section 5.
2 Dispersion relation and effective potential
We consider the situation in which a neutrino propagates and interacts with the f and φ background par-
ticles as illustrated in Fig. 1. For the purpose of determining the background contribution to the neutrino
self-energy and dispersion relation we treat the neutrino as a massless chiral particle. Denoting the neu-
trino momentum by kµ = (ω,~κ), and the background contribution to the neutrino self-energy by Σ(T ), the
dispersion relations are obtained by solving
(k/− Σ(T ))ψL = 0 . (3)
The chirality of the neutrino interactions imply that Σ(T ) is of the form
Σ(T ) = V µ(ω,~κ)γµ . (4)
2
νL(k)fR(p)νL(k)
φ(p− k)
Figure 1: Neutrino self-energy diagram in a background of fermionsf and scalars φ.
The dispersion relations are then given by the solutions of
ω − V 0 = ±|~κ− ~V | , (5)
which in general is an implicit equation for ω(~κ). We consider two cases, according to whether the distribution
functions are isotropic or not.
2.1 Isotropic case
In this case V µ is of the form
Vµ = a(ω, κ)kµ + b(ω, κ)uµ , (6)
where uµ is the velocity four-vector of the background. In the frame in which the background is at rest,
uµ = (1,~0), which we adopt from now on in this case. In terms of a and b, Eq. (5) becomes
(1− a)ω − b = ±(1− a)κ . (7)
As already mentioned, in the most general case this is an implicit equation for ω(~κ). On the other hand, for
small a and b, the perturbative solutions around the vacuum solutions ω±(~κ) = ±κ are to the lowest order
ω±(~κ) = ±κ+ b(±κ, κ) . (8)
The neutrino and antineutrino dispersion relations,
ων(~κ) = ω+(~κ) ,
ων¯(~κ) = −ω−(−~κ) , (9)
are then
ω(ν,ν¯)(~κ) = κ+ V
(ν,ν¯)
eff (~κ) , (10)
where we have introduced the effective potentials V
(ν,ν¯)
eff , which in the present case are given explicitly by
V
(ν)
eff (~κ) = b(κ, κ) ,
V
(ν¯)
eff (~κ) = −b(−κ, κ) . (11)
2.2 Anisotropic case
In this case the V µ cannot be decomposed in the form given in Eq. (6). We use Eq. (5) and assume that the
equation can be solved perturbatively around the vacuum solutions ω±(~κ) = ±κ. The solutions obtained in
this way are then
ω+(~κ) = κ+ V
0(κ,~κ)− κˆ · ~V (κ,~κ) ,
ω−(~κ) = −κ+ V 0(−κ,~κ) + κˆ · ~V (−κ,~κ) . (12)
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Identifying the neutrino and antineutrino dispersion relations by Eq. (9), they are given as in Eq. (10), where
the effective potential in this case are
V
(ν)
eff (~κ) = V
0(κ,~κ)− κˆ · ~V (κ,~κ) ,
V
(ν¯)
eff (~κ) = −V 0(−κ,−~κ) + κˆ · ~V (−κ,−~κ) . (13)
Of course in the isotropic case, in which V µ can be decomposed as in Eq. (6), Eq. (13) reduces to Eq. (11).
3 Self-energy in the fφ background
In this section we consider a neutrino propagating in a background of the fermion f and complex scalar φ
due to the interaction term in Eq. (2). The starting point is the calculation of the self-energy via the diagram
shown in Fig. 1, from which the dispersion relations are determined as indicated in Section 2.
The contribution of the diagram in Fig. 1 to the neutrino self-energy is given by
−iRΣL = |λ|2
∫
d4p
(2π)4
i∆
(φ)
F (p− k)RiS(f)F (p)L , (14)
where
iS
(f)
F (p) = iS
(ν¯)
F0 (p)− Γf (p) ,
i∆
(φ)
F (p) = i∆
(φ)
F0 (p) + Γφ(p) ,
(15)
with
Γf (p) = p/2πδ(p
2 −m2f )ηf (p) ,
Γφ(p) = 2πδ(p
2 −m2φ)ηφ(p) . (16)
Using the label x to stand for either f or φ, the functions ηx(p) are given by
ηx(p) = θ(p
0)fx(p
0, ~p) + θ(−p0)fx¯(−p0,−~p) , (17)
where fx,x¯(Ep, ~p) are the momentum distribution functions of the background particles and antiparticles,
which may not necessarily be isotropic. For an isotropic thermal background, the distribution functions are
ff,f¯ (Ef ) =
1
eβEf∓αf + 1
,
fφ,φ¯(Eφ) =
1
eβEφ∓αφ − 1 . (18)
Discarding the pure vacuum contribution to Σ and denoting by Σ(f,φ) the background-dependent part,
we write
Σ(f,φ) = Σ(f) +Σ(φ) , (19)
where
Σ(f) = −|λ|2
∫
d4p
(2π)3
p/
(p− k)2 −m2φ
δ(p2 −m2f )ηF (p, αf ) , (20)
Σ(φ) = |λ|2
∫
d4p
(2π)3
(p/ + k/)
(p+ k)2 −m2f
δ(p2 −m2φ)ηB(p, αφ) . (21)
We will evaluate Σ(f,φ) in the following limiting cases. In the first case, to which we refer as the high
temperature limit, we assume that the f and φ backgrounds are isotropic, and also extremely relativistic so
that their respective masses mf,φ and chemical potentials αf,φ can be taken to be zero in Eqs. (20) and (21).
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In the second case we also assume the isotropic thermal distribution functions, but with the temperature and
chemical potentials being such that the integrand in Eqs. (20) and (21) can be approximated by expanding
them in powers of
∆ ≡ m2φ −m2f . (22)
We refer to this as the heavy background limit. This also includes the case in which either f or φ is massless,
provided that the other particle is heavy enough. Finally we will consider a variant of the heavy background
case, in which the distribution functions are not isotropic. By taking fR = ν
c
R we can apply the results of
any case, depending on whether φ is a light or heavy particle in the sense specified above, to the model in
which φ couples to ν¯cRνL and consider situations in which a neutrino propagates in a neutrino background.
Following the discussion in Section 2, each Σ(x) is of the form
Σ(x) = V (x)µγµ , (23)
and
Vµ = V
(f)
µ + V
(φ)
µ . (24)
When the background is isotropic each V (x)µ can be decomposed as
V (x)µ = a
(x)kµ + b
(x)uµ . (25)
3.1 High temperature limit
Here we assume that T and κ are sufficiently large such that f and φ can be taken to be massless. As we
have already stated above, we then approximate the integrals in Eqs. (20) and (21) by setting mf,φ and
chemical potentials αf,φ to zero. In this case
Σ(f) = |λ|2
∫
d4p
(2π)3
δ(p2)
p/
(p+ k)2
1
e|βp·u| + 1
, (26)
Σ(φ) = |λ|2
∫
d4p
(2π)3
δ(p2)
(p/ + k/)
(p+ k)2
1
e|βp·u| − 1 . (27)
We will restrict ourselves to the dominant contribution in powers of T . In this case the term with the factor
of k/ in the integrand of Eq. (27) can be discarded and we can write
Σ(x) = |λ|2I(x)µ γµ , (28)
where
I(f,φ)µ =
∫
d4p
(2π)3
δ(p2)
pµ
(p+ k)2
1
e|βp·u| ± 1 . (29)
The integrals in Eq. (29) are the same ones evaluated by Weldon for chiral fermions in a non-Abelian gauge
theory[13] and also used in a previous discussion of the ννφ interaction model in Ref. [14]. Borrowing from
those calculations, the results for Σ(f,φ) can be written in the form of Eq. (25) with
a(φ) = 2a(f) = −|λ|
2T 2
24κ2
[
1− ω
2κ
I
]
b(φ) = 2b(f) =
|λ|2T 2
24κ
[
ω
κ
− 1
2
(
ω2
κ2
− 1
)
I
]
, (30)
where
I ≡ ln
∣∣∣∣ω + κω − κ
∣∣∣∣ . (31)
The total background-dependent part of the self-energy is then
Σ(fφ) = a(fφ)k/ + b(fφ)u/ , (32)
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with
a(fφ) = −M
2
κ2
[
1− ω
2κ
I
]
b(fφ) =
M2
κ
[
ω
κ
− 1
2
(
ω2
κ2
− 1
)
I
]
, (33)
where
M2 =
|λ|2T 2
16
. (34)
The corresponding dispersion relations in this case are given by the solutions of Eq. (7), with the coefficients
a, b given by Eq. (33). They are similar to the dispersion relations obtained by Weldon[13] for a chiral
fermion in a non-Abelian gauge theory, which in particular have ω(κ → 0) = ±M , and other interesting
features[15, 16].
3.2 Heavy background
In this case we assume that either f of φ is a heavy particle, in the sense that its mass is sufficiently larger
than T , ω and κ, such that the denominators in the integrand in Eqs. (20) and (21) can be expanded in the
form
1
(p+ k)2 −m2f
=
1
∆
− 2p · k + k
2
∆2
,
1
(p− k)2 −m2φ
= − 1
∆
+
2p · k − k2
∆2
, (35)
where ∆ is defined in Eq. (22). Thus, Σ(f,φ) are given as in Eq. (23) with
V (f)µ (ω,~κ) = |λ|2
(
1
∆
+
k2
∆2
)
L(f)µ −
2|λ|2
∆2
L(f)µν k
ν ,
V (φ)µ (ω,~κ) = |λ|2
(
1
∆
− k
2
∆2
)
L(φ)µ −
2|λ|2
∆2
L(φ)ν k
νkµ
+ |λ|2
(
1
∆
− k
2
∆2
)
L(φ)kµ − 2|λ|
2
∆2
L(φ)µν k
ν , (36)
where
(L(x), L(x)µ , L
(x)
µν ) =
∫
d4p
(2π)3
δ(p2 −m2x)ηx(p) {1, pµ, pµpν} . (37)
In order to obtain the effective potential from Eq. (13), we use the fact that, for ω = κ, we have
kµ = κnµ , (38)
where
nµ = (1, κˆ) , n2 = 0 . (39)
From Eq. (13) the effective potentials are then given by
V
(ν,ν¯)
eff (~κ) = ±
|λ|2
∆
(
L
(f)
1 + L
(φ)
1
)
− 2|λ|
2
∆2
(
L
(f)
2 + L
(φ)
2
)
, (40)
where the upper(lower) sign corresponds to the neutrino(antineutrino), respectively. In Eq. (40) the coeffi-
cients L
(x)
n are defined as
L
(x)
1 ≡ L(x)µ nµ ,
L
(x)
2 ≡ L(x)µν nµnν , (41)
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and using the definitions in Eq. (37), the following formula follows
L(x)n =
1
2
∫
d3p
(2π)3
En−1x (1− κˆ · ~v~p)n (fx + (−1)nfx¯) . (42)
For isotropic momentum distributions functions we can set ~p → 0 and pipj → 13~p 2 in the integrands of
L
(x)
1 and L
(x)
2 , respectively, and the formulas reduce in that case to
L
(x)
1 = J
(x)
1 ,
L
(x)
2 =
4
3
J
(x)
2 −
1
3
m2xJ
(x)
0 , (43)
where
J (x)n =
1
2
∫
d3p
(2π)3
En−1x (fx + (−1)nfx¯) . (44)
Using Eq. (43), the formulas given in Eq. (40) for the neutrino and antineutrino effective potential then
reduce to
V
(ν,ν¯)
eff (~κ) = ±
|λ|2
∆
(
J
(f)
1 + J
(φ)
1
)
+
2|λ|2κ
3∆2
(
m2fJ
(f)
0 +m
2
φJ
(φ)
0 − 4J (f)2 − 4J (φ)2
)
, (45)
in the isotropic case. Similarly to Eq. (40), in Eq. (45) the the upper(lower) sign corresponds to the
neutrino(antineutrino), respectively. Introducing the number densities
nx,x¯ = gx
∫
d3p
(2π)3
fx,x¯ , (46)
we have
J
(x)
1 =
1
2gx
(nx − nx¯) , (47)
where
gf = 2 , gφ = 1 . (48)
In anticipation to the application of these formulas in the next section we must remember that for chiral
neutrinos
gν = 1 . (49)
It is straightforward to obtain explicit formulas for the integrals J
(x)
0,2 in a number of cases. For example,
J (x)n =
1
2gx
(nx + (−1)nnx¯)


mn−1x (NR limit)
1
2 (n+ 1)!β
1−n (Maxwell-Boltzman ER limit)
(50)
in the non-relativistic (NR) or the Maxwell-Boltzman extremely-relativistic (ER) limits.
4 νφ background
In this section we use the results obtained in Section 3 to discuss the effects of the interaction given in Eq.
(1) on a neutrino propagating in a neutrino-φ background. It is useful to remember that in the relevant
diagram for this case, as shown in Fig. 2, the internal fermion that corresponds to the fR fermion line in Fig.
1 is the antineutrino νcR. As a result of this, the formulas obtained in Section 3 can be adapted to this case
provided we identify f, f¯ → ν¯, ν in the labels of the various physical quantities that refer to the background
particles, such as the chemical potentials, particle number densities. In addition, we have to remember that
for chiral neutrinos we must use gν = 1 in the formula for J
(ν¯)
1 given in Eq. (47), as stated in Eq. (49).
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νL(k)ν
c
R(p)νL(k)
φ(p− k)
Figure 2: Neutrino self-energy diagram in a background of neutrinos and scalars φ.
4.1 High temperature limit
Denoting the background-dependent part of the self-energy in this case by Σ(ν¯φ) and writing
Σ(ν¯φ) = a(ν¯φ)k/ + b(ν¯φ)u/ , (51)
the coefficients are given by the same expressions of Eq. (33), with
M2 ≡ 1
16
|λ(ννφ)|2T 2 . (52)
These are the results used also in a previous discussion of the ννφ interaction model in Ref. [14]. As already
mentioned in Section 3.1, the dispersion relation for the neutrino in this case is similar to the dispersion
relation obtained by Weldon[13] for a chiral fermion in a non-Abelian gauge theory. However, this case is not
the one that is relevant to the situations where mφ, although assumed to be below the electroweak breaking
scale, is assumed to be ∼ GeV , such as those considered in Ref. [1]. Thus we turn the attention to the case
in which φ is sufficiently heavy such that its background density is negligible.
4.2 Heavy φ limit
For illustrative purposes we consider in some detail the isotropic case. From Eq. (11), neglecting the φ
background terms and putting mν = 0, the νφ background contribution to the effective potentials is then(
V
(ν,ν¯)
eff (~κ)
)
ννφ
= ±|λ
(ννφ)|2
m2φ
J
(ν¯)
1 −
8|λ(ννφ)|2κ
3m4φ
J
(ν¯)
2 . (53)
The full background-dependent effective potential is then
V
(ν,ν¯)
eff (~κ) =
(
V
(ν,ν¯)
eff (~κ)
)
ννφ
+
(
V
(ν,ν¯)
eff (~κ)
)
Z
, (54)
where
(
V
(ν,ν¯)
eff
)
Z
is the standard neutrino-background contribution from the Z exchange and tadpole dia-
grams (
V
(ν,ν¯)
eff (~κ)
)
Z
= ±4
√
2GFJ
(ν)
1 . (55)
Eq. (55) follows, from example, from the formulas obtained in Ref. [17]. As shown there, the contribution
of those two diagrams to the neutrino self-energy can be written in the form of Eqs. (23) and (25), with(
b(Z)
)
tadpole
= 4
√
2GF
∑
f
XνJ
(f)
1 ,
(
b(Z)
)
Z−exchange
= 2
√
2GFJ
(ν)
1 , (56)
where the sum runs over all the fermion species in the background and Xf is the (vector) neutral-current
coupling of the fermion. In Eq. (55) we are including only the neutrino background contribution, and using
Xν =
1
2 . Remembering Eqs. (47) and (49),
J
(ν¯)
1 = −J (ν)1 =
1
2
(nν − nν¯) , (57)
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we then have
V
(ν,ν¯)
eff (~κ) = ±
(
2
√
2GF − |λ
(ννφ)|2
2m2φ
)
(nν − nν¯)− 8|λ
(ννφ)|2κ
3m4φ
J
(ν¯)
2 . (58)
4.3 Discussion
In a core collapse supernova, neutrinos are trapped in the neutrino sphere and slowly diffuse out. These neu-
trinos have self-interactions that lead what is known as collective neutrino oscillations[8]. These phenomena
can also occur in the hot plasma of the Early Universe[9] before the neutrinos decouple. In the presence of
the type of neutrino-scalar interaction we have considered, the collective oscillations could be modified.
A striking and surprising result is that the standard contribution
(
V
(ν,ν¯)
eff
)
Z
on one hand, and
(
V
(ν,ν¯)
eff
)
ννφ
on the other, have opposite sign. Namely, they are proportional to J
(ν)
1 =
1
2 (nν−nν¯) and J
(ν¯)
1 =
1
2 (nν¯−nν),
respectively. Thus, they tend to cancel. A limit can be set by requiring that the contribution of the ννφ
interaction to the neutrino self-energy does not cancel the standard contribution in an appreciable way. In
symbols we can express this as (
V
(ν)
eff
)
ννφ
<
(
V
(ν)
eff
)
Z
, (59)
which requires
mφ >
λ(ννφ)
g
mZ . (60)
Therefore, if λ(ννφ) ∼ O(1), this would imply mφ must be larger than ∼ 3mZ . In order to have mφ ∼
O(GeV ), a small coupling λ(ννφ) ∼ 10−2 − 10−3 would be required.
Another possibility is that the first term in Eq. (58), proportional to the neutrino-antineutrino asymmetry
is small, either because the factor in parenthesis and/or because the asymmetry is small. In such a case, the
O(1/m4φ) term in effective potential
V
(ν,ν¯)
eff (~κ) = −
8|λ(ννφ)|2κ
3m4φ
J
(ν¯)
2 . (61)
would give the dominant contribution. For example, taking the Maxwell-Boltzman limit of the neutrino
background from Eq. (50), this would give
V
(ν,ν¯)
eff (~κ) = −
2|λ(ννφ)|2κ
m4φ
(nν + nν¯)
β
, (62)
which is the same for the neutrino and antineutrino, and independent of the neutrino-antineutrino asymmetry
in the background.
Although we have focused above on the case of isotropic thermal distributions of the neutrino background,
similar considerations apply to the case of anisotropic distributions as well.
5 Conclusions
The existence of scalars that interact with neutrinos via couplings of the form λ(ννφ)ν¯cRνLφ would produce
additional contributions to the neutrino effective potential beyond the standard ones when the neutrino
propagates in a neutrino background. This can occur in the environment of a supernova, and in the Early
Universe hot plasma before neutrino decoupling.
Motivated by studying the possible effects of such interactions in those contexts, we have considered a
simple model in which neutrino interacts with a scalar and a fermion, and calculated the effective potential
for a neutrino propagating in a background of those particles. The results are useful in the context of Dark
Matter-neutrino interaction models in which the scalar and/or fermion constitute the dark-matter, and are
also applicable to the situations mentioned in which the fermion background is a neutrino background. We
obtained the expressions for the neutrino effective potential that can be applied to different situations and
background conditions.
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As a specific application we considered the case of the neutrino background, with the scalar particle
being sufficiently heavy so that their background density is negligible. A noteworthy result in this case is
that the effective potential experienced by the propagating neutrino in this background has the opposite
sign to the effective potential due to the standard contribution from the Z-boson. By assuming that the
standard model contribution dominates over the ννφ contribution, for example in the neutrino sphere of a
core collapse supernova, we have obtained limit on the parameter λ(ννφ)/mφ.
Although for definiteness we have restricted ourselves to consider the diagonal scalar-neutrino coupling,
the results already reveal some potentially important features, for example the sign difference mentioned
above, that can serve as a guide for considering more realistic or complicated models involving, for example,
more than one scalar particle or off-diagonal neutrino couplings.
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